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Abstract. Assuming Borisov-Alexeev-Borisov conjecture, we prove that there is a 
- constant J = J(n) such that for any rationally connected variety X of dimension n and 

any finite subgroup G C Bir(A) there exists a normal abelian subgroup icGof index 
at most J. In particular, we obtain that the Cremona group Cr3 = Bir(P 3 ) enjoys the 
£N1 ■ Jordan property. We also present an upper bound for the corresponding constant. 

a 

iO ! 1. Introduction 

All varieties below are assumed to be defined over an algebraically closed field k of 
^ ' characteristic 0. 

The Cremona group Cr n (k) is the group of birational transformations of the projective 
space P n . The group Cr2(k) and its subgroups have been a subject of research for many 
years (see [I], [8], [H], [22] and references therein). The main philosophical observation is 
that this group is very large and it is "very far" from being a linear group. However, the 
system of its finite subgroups seems more accessible, and in particular happens to enjoy 
many features of finite subgroups in GL n (k) (which are actually not obvious even for the 
subgroups of GL n (k)). 
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Theorem 1.1 (C. Jordan, see e. g. [TJ Theorem 36.13]). There is a constant I = I(n) such 
that for any finite subgroup G C GL n (C) there exists a normal abelian subgroup A C G 
of index at most I. 

This leads to the following definition (cf. [25| Definition 2.1]). 

Definition 1.2. A group T is called Jordan (alternatively, we say that T has Jordan 
property) if there is a constant J such that for any finite subgroup G G T there exists a 
normal abelian subgroup A C G of index at most J. We will call the minimal constant 
with this property the Jordan constant of the group T, and will denote it by J(T). 

Theorem 11.11 implies that all linear algebraic groups over an arbitrary field k with 
char(k) = are Jordan. The same question is of interest for other "large" groups, espe- 
cially those that are more accessible for study on the level of finite subgroups than on 
the global level, in particular, for the groups of birational selfmaps of algebraic varieties. 
A complete answer is known in dimension at most 2. Moreover, already in dimension 2 
it appears to be non-trivial, i. e. there are surfaces providing a positive answer to the 
question, as well as surfaces providing a negative answer. 

First of all, the automorphism group of any curve is Jordan. The Cremona group of 
rank 2 is Jordan too. 

Theorem 1.3 (J.-P. Serre [331 Theorem 5.3], [32j Theoreme 3.1]). The Cremona 
group Cr2(k) is Jordan. 

On the other hand, starting from dimension 2 one can construct varieties with non- 
Jordan groups of birational selfmaps. 



Theorem 1.4 (Yu. Zarhin [36J). Suppose that X = E x P 1 , where E is an abelian variety 
of dimension dim(i?) > 0. Then the group Bir(X) is not Jordan. 

In any case, in dimension 2 it is possible to give a complete classification of surfaces 
with Jordan groups of birational automorphisms. 

Theorem 1.5 (V.Popov [25| Theorem 2.32]). Let S be a surface. Then the group Bir(S) 
is Jordan if and only if S is not birational to E x P 1 , where E is an elliptic curve. 

Somehow, in higher dimensions the answer remained unknown even for a more partic- 
ular question. 

Question 1.6 ( J.-P. Serre [331 6.1]). Is the group Cr n (k) Jordan? 

Question 11.61 asks about some kind of boundedness related to the geometry of rational 
varieties. It is not a big surprise that it appears to be related to another "bounded- 
ness conjecture", that is a particular case of the well-known Borisov-Alexeev-Borisov 
conjecture (see [3]). 

Conjecture 1.7. For a given positive integer n, Fano varieties of dimension n with 
terminal singularities are bounded, i. e. are contained in a finite number of algebraic 
families. 

Note that if Conjecture 11.71 holds in dimension n, then it also holds in all dimen- 
sions k ^ n. 

The main purpose of this paper is to show that modulo Conjecture 11.71 the answer to 
Question 11.61 is positive even in the more general setting of rationally connected varieties^ 
and moreover the corresponding constant may be chosen in some uniform way. Namely, 
we prove the following. 

Theorem 1.8. Assume that Conjecture \1.7\ holds in dimension n. Then there is a con- 
stant J = J(n) such that for any rationally connected variety X of dimension n and any 
finite subgroup G C Bir(X) there exists a normal abelian subgroup A C G of index at 
most J. 

Note that Conjecture 11.71 is settled in dimension 3 (see [22]), so we have the following 

Corollary 1.9. The group Cra(k) is Jordan. 

As an application of the method we use to prove Theorem 11.81 we can also derive some 
information about p-subgroups of Cremona groups. 

Theorem 1.10. Suppose that Conjecture \1. 7| holds in dimension n. Then there is a 
constant L = L(n) such that for any prime p > L, every finite p-subgroup of Cr n (k) is an 
abelian group generated by at most n elements. 

The plan of the proof of Theorem 11.81 (that is carried out in Section H|) is as follows. 
Given a rationally connected variety X and a finite group G C Bir(X), take a smooth 
regularization X of G (see Section H]). We are going to show that X has a point P fixed 
by a subgroup H C G of bounded index and then apply Theorem 11.11 to H acting in the 
tangent space Tp(X). If X is a G-Mori fiber space (see Section [2] for a definition), then, 
modulo Conjecture 11.71 we ma Y assume that there is a non-trivial G-Mori fiber space 
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structure X — > S, i.e. S is not a point. By induction one may suppose that there is a 
subgroup H of bounded index that fixes a point in S. Using the results of Section [3] (that 
are based on the auxiliary results of Section [2]), we show that X contains a G-invariant 
rationally connected subvariety. Furthermore, the same assertion holds for an arbitrary 
smooth X; this follows from the corresponding assertion for a G-Mori fiber space obtained 
by running a G-Minimal Model Program on X by the results of Section |3j Using induction 
in dimension once again we conclude that there is actually a point in X fixed by H. 

The main technical result that allows us to prove Theorem 11.81 is Corollary 13.71 that 
lets us lift G-invariant rationally connected subvarieties along G-contractions. Actually, 
it has been essentially proved in [T3J Corollary 1.7(1)]. The only new feature that we 
really need is the action of a finite group. Since this forces us to rewrite the statements 
and the proofs in any case, we also use the chance to write down the details of the proof 
that were only sketched by the authors of [13]. 

The last goal of our paper is to present an estimate for Jordan constants of the groups 
of birational automorphisms of rationally connected threefolds. 

Proposition 1.11. Let X be a rationally connected threefold. Then 

j(Bir(X)) sC (25920 • 20736) 20736 . 

The proof of Proposition 11.111 is contained in Section Note that some (minor) state- 
ments of Section \5\ are generalizations of the corresponding statements of Section HJ but 
we decided to keep them apart to avoid unnecessary details in the proof of Theorem 11.81 
which we consider the main result of the paper. 

Remark 1.12. One can obtain a much better bound on the Jordan constant J(Cr2(k)) 
for the group of birational selfmaps of the projective plane (and actually compute it 
explicitly). Namely, one has 

J(Cr 2 (k)) *C 2 10 -3 4 -5 2 -7 

(see the remark made after Theorem 5.3 in [33]). The result of Proposition II. Ill looks 
much more ugly (and the easy methods to improve it do not really make things much 
better, see Remark 15.141) . This is explained by the fact that to obtain it we have to 
deal with terminal singularities on threefolds (as compared to smooth surfaces), or to go 
through Minimal Model Program ran on a threefold in course of the proof. Moreover, 
even if these difficulties were overcome by some fine analysis of contractions or whatever, 
we would still be obstructed by the fact that we do not have an explicit classification of 
G-Fano threefolds and have to work with them in an indirect way (see Remark 15.131 for 
a further disclaimer for higher dimensions). Somehow this second obstruction looks even 
more crucial than the first one, although the actual bound we obtain in Proposition II. Ill 
for threefolds is determined by difficulties with controlling the Minimal Model Program. 

Remark 1.13. One can choose the constant L(n) from Theorem 11.101 so that 
L{n) ^ j(Cr„(k)). This can be readily seen from the proof of Theorem 11.101 given in 
Section HI In particular, 

L(3) ^ (25920 • 20736) 20736 

by Proposition II. Ill 
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2. Preliminaries 

The purpose of this section is to establish several auxiliary results that will be used 
in Section [3j It seems that most of them are well known to experts, but we decided to 
include them for completeness since we did not manage to find proper references. 

Throughout the rest of the paper we use the standard language of the singularities of 
pairs (see [2D])- By strictly log canonical singularities we mean log canonical singularities 
that are not Kawamata log terminal. By a general point of a (possibly reducible) variety Z 
we will always mean a point in a Zariski open dense subset of Z. Whenever we speak about 
the canonical class, or the singularities of pairs related to a (normal) reducible variety, we 
define everything componentwise (note that connected components of a normal variety 
are irreducible). 

Let A be a normal variety, let B be an effective Q-divisor on A such that the Q-divisor 
Kx + B is Q-Cartier. A subvariety Z C A is called a center of non Kawamata log 
terminal singularities (or a center of non-kit singularities) of the pair (A, B) if Z = n(E) 
for some divisor E on some log resolution tt : A — > A with discrepancy a (A, B; E) ^ —1. 
A subvariety Z C A is called a center of non log canonical singularities of the pair 
(A, B) if Z is an image of some divisor with discrepancy strictly less than —1 on some 
log resolution. A center of non-kit singularities Z of the pair (A, B) is called minimal if 
no other center of non-kit singularities of (A, B) is contained in Z. 

Remark 2.1. In general it is not enough to consider one log resolution to detect all centers 
of non-kit singularities of a log pair, but the union of these centers can be figured out 
using one log resolution. Note that this does not mean that there is only a finite number 
of centers of non- kit singularities of a given log pair! Actually, the latter happens if and 
only if the log pair is strictly log canonical. 

Suppose that there is an action of some finite group G on A such that B is G-invariant. 
Let Z\ be a center of non-kit singularities of the pair (A, B), let Z\, . . . , Z r be the G-orbit 
of the subvariety Zi, and put Z = [J Zi. We say that Z is a G- center of non-kit singular- 
ities of the pair (A, B), and call Z a minimal G- center of non-kit singularities if no other 
G-center of non-kit singularities of the pair (A, B) is contained in Z. Note that one has 
Zi fl Zj = for % 7^ j and each Zi is normal (see [Ml 1.5-1.6]). 

Suppose that A is a variety with only Kawamata log terminal singularities (in particu- 
lar, this includes the assumptions that A is normal and the Weil divisor Kx is Q-Cartier). 
A G-contraction is a G-equivariant proper morphism / : X — > Y onto a normal variety Y 
such that / has connected fibers and —Kx is /-ample (thus / is not only proper but 
projective). The variety A is called a G-Mori fiber space if A is projective and there 
exists a G-contraction / : A — > Y with dim(Y) < dim(A) and the relative G-equivariant 
Picard number p G (X/Y) = 1. Furthermore, if Y is a point, then A is called a G-Fano 
variety. 
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Suppose that X is projective and GQ-factorial, i. e. any G-invariant Q-divisor on X is 
Q-Cartier. If X is rationally connected (see Definition l3.2p . then one can run a G-Minimal 
Model Program on X, as well as its relative versions, and end up with a G-Mori fibre 
space. This is possible due to [2, Corollary 1.3.3] and [Ml Theorem 1], since rational 
connectedness implies uniruledness. Actually, [2] treats the case when G is trivial, but 
adding a finite group action does not make a big difference. 

We start with proving some auxiliary statements that will be used in course of the proof 
of Theorem 11.81 

The following observation (see e.g. the proofs of [T6"j Theorem 1.10] and [TTl The- 
orem 1]) is sometimes called the perturbation trick. Below we denote by Ni(V)r the 
M-vector space generated by (proper) curves on a variety V modulo numerical equiva- 
lence (note that we do not assume that V is projective, and thus Ni(V^) may have infinite 
dimension) . 

Lemma 2.2. Let V be an irreducible normal quasi-projective variety, and D be an effective 
Q-Cartier Q-divisor on V such that the log pair (V, D) is strictly log canonical. Suppose 
that a finite group G acts on V so that D is G-invariant. Let Z C X be a minimal 
G-center of non-kit singularities of the log pair (V,D). Choose e > and a compact 
subset /C C Ni(V)r. Then there exists a G-invariant Q-Cartier Q-divisor D' such that 

• the only centers of non-kit singularities of the log pair (V, D') are the irreducible 
components of Z ; 

• for any k G /C one has \{D — D') ■ k\ < e. 

Proof. Let Z\ y . . , Z r be irreducible components of Z. Note that Z^s are disjoint by [Ml 
Proposition 1.5]. Let ^ be a linear system of very ample divisors such that Bs^ = Z\ 
and let M\ G ^# be a general element. Let M\, . . . ,Mi be the G-orbit of M\, and let 
M = Y^Mi. For < 6 1 the subvariety Z\ is the only center of non log canonical 
singularities for (V,D + 8 Mi). Hence the only centers of non log canonical singularities 
for (V, D + 6M) are the subvarieties Zj. Now take 5 G Q>o so that the pair (V, D') is 
strictly log canonical, where D' = (1 — 5)D+9M. By the above the only centers of non-kit 
singularities of (V, D') are Zj's, and apparently one has 5< 1. □ 

Remark 2.3. One can generalize Lemma [2.21 assuming that we start from a log pair that 
includes any formal linear combination of linear systems on the variety V with rational 
coefficients instead of a divisor D, and produce an effective Q-divisor D'. Another version 
of the same assertion produces a movable linear system T>' instead of a divisor D' . 

We will need the following Bertini-type statement. 

Lemma 2.4. Let Z be a normal variety and D be an effective Q-divisor on Z such that 
the log pair (Z, D) is Kawamata log terminal. Let be a base point free linear system 
and let M G ^# be a general member. Then 

• the variety M is normal; 

• the log pair (M,D\m) is Kawamata log terminal. 

Proof. Doing everything componentwise, we may assume that Z is connected. Since Z is 
normal, it is irreducible. The pair (Z, D+^) is purely log terminal (see Definition 4.6 and 
Lemma 4.7.1 in [20]). Hence (Z, D + M) is also purely log terminal (see [2QI Theorem 4.8]). 
Thus by the inversion of adjunction (see e.g. [231 5.50-5.51]) the variety M is normal and 
the pair (M, D\m) is Kawamata log terminal. □ 
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The following is a relative version of the usual Kawamata subadj unction theorem. 

Lemma 2.5. Let V be an irreducible normal quasi-projective variety, and D be an effective 
Q-divisor on V such that the log pair (V, D) is strictly log canonical. Let W be a normal 
quasi-projective variety, and f : V — >• W be a proper morphism with connected fibers such 
that —(Ky + D) is f -ample. 

Let Z C V be a minimal G -center of non-kit singularities of the log pair (V,D), and 
T = f(Z) C W . Let Z t = Z fl / _1 (t) be a fiber of f\z over a general point t e T. Then 

• Z t is normal; 

• Z t is irreducible; 

• there exists an effective Q-divisor Dz on Z such that Kz + Dz is Q-C 'artier, the 
log pair (Z t , Dz\z t ) i> s Kawamata log terminal and 

K Zt +D z \ Zt ~Q (K v + D)\ Zt . 

Proof. By Lemma I2T21 we may assume that Z is the only G-center of non-kit singularities of 
the log pair (V, D). Furthermore, since an intersection of centers of non-kit singularities is 
again a center of non-kit singularities (see [16j Proposition 1.5]), we conclude that each of 
the connected components of Z is irreducible, because otherwise the pairwise intersections 
of irreducible components of Z would be a (non-empty) union of G-centers of non-kit 
singularities of the pair (V, D). Applying [T6l Theorem 1.6] to connected components 
of Z, one obtains that Z is normal (note that connected components of Z are minimal 
centers of non-kit singularities of (V,D)). Moreover, a general fiber Z t is connected by 
the Nadel-Shokurov connectedness theorem (see e.g. [HI Theorem 3.2]). Hence Z t is 
irreducible. 

To proceed we may drop the action of the group G and assume that T is a point. 
Indeed, let W C W be a general hyperplane section, and t € W be a general point 
(which is the same as to choose t to be a general point of W, and then to choose a general 
hyperplane section W 3 t). Put V = f~ 1 (W). By Lemma [2.41 the variety V is normal. 
Let ip : V — > V be a log resolution of (V, D), and let V be the proper transform of V . 
Since V is a general member of a base point free linear system, <p is also a log resolution of 
(V, D + V). Therefore, p induces a log resolution of (V, D\yt). This implies that the pair 
(V',D\yt) is log canonical and the irreducible components of Z' = Z\y> are its minimal 
centers of non-kit singularities. Replacing / : (V, D) — > W with f\y> : (V',D\yr) — > W 
and repeating this process codim^(T) times, we get the situation where T is a point, and 
Z = Z t (in particular, Z is projective, normal, and irreducible). 

With these reductions done, we apply Kawamata's subadjunction theorem (see e. g. [TTJ 
Theorem 1] or [TT| Theorem 1.2]) to conclude that there exists an effective Q-divisor Dz 
on Z such that Kz + Dz is Q-Cartier, the log pair (Z, Dz) is Kawamata log terminal and 

Kz + Dz ~q (K v + D)\ z . 

□ 

Remark 2.6. A usual form of the Kawamata's subadjunction theorem (as in [17] and [TT] ) 
requires the ambient variety to be projective. Therefore, if one wants to be as accurate as 
possible, the end of the proof of Lemma 12.51 should be read as follows. Assuming that T 
is a point, we know that Z is projective; as above, we can also suppose that Z is the 
only center of non-kit singularities of (V, D). Taking a log canonical closure (V", D) of the 
log pair (V, D) as in [T4"| Corollary 1.2], we see that Z is still a minimal center of non-kit 
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singularities of the new pair (V, D), and all other centers of non-kit singularities of (V, D) 
are disjoint from Z. Now [TTJ Theorem 1.2] implies the assertion of Lemma 12.51 Since 
this step is more or less obvious, we decided not to include it in the proof to save space 
(and readers attention) for more essential points. 

Another interesting moment in the proof of Lemma 12.51 that we want to emphasize is 
that we do not care about the action of the group G anywhere apart from the equivariant 
perturbation trick at the very beginning. On the other hand, it seems that one cannot 
replace this G-perturbation by a non-equivariant perturbation performed at some later 
step, since otherwise we would not know that the fiber Z t is connected, and thus it would 
remain undecided if we have occasionally got rid of some components of Z or not. This 
is crucial for us, since we are going to obtain a G-invariant subvariety Z with controllable 
fibers. 

3. Rationally connected subvarieties 

In this section we develop techniques to "pull-back" invariant rationally connected 
subvarieties under contractions appearing in the Minimal Model Program. Basically we 
follow the ideas of [13] . 

Recall the following standard definitions. 

Definition 3.1 (see e.g. [29j Lemma-Definition 2.6]). A (normal irreducible) variety X 
is called a variety of Fano type if there exists an effective Q-divisor A on X such that the 
pair (X, A) is Kawamata log terminal and — (Kx + A) is nef and big. 

Definition 3.2 (see e.g. [02 §IV.3]). An irreducible variety X is called rationally con- 
nected if for two general points xx, £2 G X there exists a rational map t : C — -> X , where C 
is a rational curve, such that the image t(C) contains x\ and X2- 

In particular, a point is a rationally connected variety. Furthermore, rational connect- 
edness is birationally invariant, and an image of a rationally connected variety under any 
rational map is again rationally connected. 

The following is an easy consequence of Lemma 12.51 

Lemma 3.3. Let f : V — >• W be a G-contraction from a quasi-projective variety V 
with Kawamata log terminal singularities. Choose an effective G -invariant Q-Cartier 
Q-divisor Dw on W , and put D = f*Dw . 

Let Z C V be a minimal G -center of non-kit singularities of the log pair (V,D), and 
T = f(Z) C W . Let Zt = Zr\f^ x {t) be a fiber of f\z over a general point t G T. Then Z t 
is a variety of Fano type. In particular, Z t is rationally connected. 

Proof. By Lemma 12.51 a general fiber Z t is a normal irreducible variety (so that we may 
assume dim(Z t ) > 0), and there exists an effective Q-divisor Dz on Z such that Kz + Dz 
is Q-Cartier, the log pair (Z t , Dz\z t ) is Kawamata log terminal and 

K Zt +D z \ Zt ~q (K v + D)\ Zt . 

Since the restriction of D to Z t is trivial, and the restriction of — Ky to Z t is ample, 
the variety Z t is a variety of Fano type. The last assertion of the lemma follows from [3TI 
Theorem 1] or [T3j Corollary 1.13]. □ 

Now we are ready to prove the main technical result of this section. 
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Lemma 3.4 (cf. [131 Corollary 1.7(1)]). Let f : V — >■ W be a G-contraction from a 
quasi-projective variety with Kawamata log terminal singularities onto a quasi-projective 
variety W . Let T C-W be a G-invariant irreducible subvariety. Then there exists a G- 
invariant (irreducible) subvariety Z C V such that f\z'-Z^-Tis dominant and a general 
fiber of f\z is rationally connected. 

Proof. Take k 3> 0, and choose Hi, ... , to be general divisors from some (very ample) 
linear system % with Bs"H = T. Adding the images of the divisors Hi under the action 
of G to the set {Hi, . . . , Hk} we may assume that this set is G-invariant. Put Dw = Hi, 
and D = f*D\y- Let c be the log canonical threshold of the log pair (V, D) over a general 
point of T (this makes sense since the log canonical threshold in a neighborhood of a 
point P e V is an upper semi-continuous function of P, and T is irreducible). Note that 
we can assume that for any center L of non-kit singularities of (V, cD) one has f{L) C T 
by the construction of D. 

Let S be a union of all centers of non-kit singularities of the log pair (V, cD) that 
do not dominate T. Then T is not contained in the set f(S). Indeed, the union Z of 
centers of non-kit singularities of (V, cD) is a union of a finite number of centers of non-kit 
singularities of (V, cD) by Remark 12.11 By definition of c we conclude that the log pair 
(V, cD) has a center of non-kit singularities Zi that dominates T. 

Let Zi, . . . , Z r be the G-orbit of the subvariety Zi, and put Z = [j Zi. Put 
W° = W \ f(S) and V° = f~ l (W°), and note that Z n V° is a minimal G-center of 
non-kit singularities of the log pair (V°, cD\yo). Lemma 13.31 implies that the fiber Z t of 
the morphism f\z over a general point t £ T D W° is rationally connected. □ 

Remark 3.5. In the case when / is an isomorphism over a general point of T the proof of 
Lemma [3.41 produces the strict transform of T on V as a resulting subvariety Z. 

Rationally connected varieties enjoy the following important property (see [121 Corol- 
lary 1.3] for the proof over C; the case of an arbitrary field of characteristic follows by 
the usual Lefschetz principle). 

Theorem 3.6. Let f : X — )■ Y be a dominant morphism of proper varieties over k. 
Assume that both Y and a general fiber of f are rationally connected. Then X is also 
rationally connected. 

Together with the previous considerations this enables us to lift G-invariant rationally 
connected varieties via G-contractions. Namely, the following immediate consequences of 
Lemma 13.41 and Theorem 13.61 will be used in the proof of Theorem 11.81 

Corollary 3.7. Let f : V — >■ W be a G-contraction from a quasi-projective variety with 
Kawamata log terminal singularities onto a quasi-projective variety W . Let T C W be 
a G-invariant rationally connected subvariety. Then there exists a G-invariant rationally 
connected subvariety Z C V that dominates T. 

Proof. Apply Lemma l3~4l to obtain a subvariety Z C-V that maps to a rationally connected 
variety T with a rationally connected general fiber. Theorem 13.61 applied to (a desingu- 
larization of a compactification of) Z completes the proof. □ 

The following is just a small modification of Corollary 13.71 but we find it useful to 
state it to have a result allowing us to lift rational rationally connected subvarieties via 
(equivariant) flips. 
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Corollary 3.8. Let f : V — >■ W be a G- contraction from a quasi-projective variety with 
Kawamata log terminal singularities onto a quasi-projective variety W . Consider a dia- 
gram of G-equivariant morphisms 

V V 




Suppose that there exists a G-invariant rationally connected subvariety Z' C V such that 
f'(Z') W . Then there exists a G-invariant rationally connected subvariety Z C V. 

Proof. Apply Corollary 13.71 to the rationally connected variety T = f'(Z') C W. □ 

Corollaries 13.71 and 13.81 imply the following assertion. 

Lemma 3.9. Let V be a projective variety with an action of a finite group G. Suppose 
that V has Kawamata log terminal GQ-factorial singularities. Let f : V W be a 
birational map that is a result of a G -Minimal Model Program ran on V . Let F C G 
be a subgroup. Suppose that there exists an F -invariant rationally connected subvariety 
T C W . Then there exists an F -invariant rationally connected subvariety Z C V. 

Proof. Induction in the number of steps of the G-Minimal Model Program using Corol- 
laries [3]T] and [3TH] (note that any G-contraction is also an F-contraction). □ 

In particular, Lemma 13.91 implies the following assertion (it will not be used directly in 
the proof of our main theorems, but still we suggest that it deserves being mentioned). 

Proposition 3.10. Let W be a quasi-projective variety with terminal singularities acted 
on by a finite group G so that W is GQ-factorial. Let f : V — >■ W be a G-equivariant 
resolution of singularities of W . Suppose that there exists a G-invariant rationally con- 
nected subvariety T C W. Then there exists a G-invariant rationally connected subvariety 
z c V. 

Proof. Run a relative G-Minimal Model Program on V over W (this is possible due to 
an equivariant version of (21 Corollary 1.4.2]) to obtain a variety V n that is a relatively 
minimal model over W together with a series of birational modifications 

V = Vo — > . . . — > V n — > W. 

Then / n+1 is small by the Negativity Lemma (see e.g. [TSJ 2.19]). Thus GQ-factoriality 
of W implies that / n+ i is actually an isomorphism. Now the assertion follows from 
Lemma 13.91 □ 

4. Jordan property 

In this section we will prove Theorem 11.81 Before we proceed let us introduce the 
following notion. 

Definition 4.1. Let C be some set of varieties. We say that C has almost fixed points if 
there is a constant J = J(C) such that for any variety X e C and for any finite subgroup 
G C Aut(X) there exists a subgroup F C G of index at most J acting on X with a fixed 
point. 

Theorem 11.81 will be implied by the following auxiliary result. 
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Theorem 4.2. Let 7Z(n) be the set of all rationally connected varieties of dimension n. 
Assume that Conjecture \l. 7| holds. Then TZ(n) has almost fixed points. 



Remark 4.3. In the proof of Theorem 11.81 we will only use the particular case of Theo- 
rem for smooth rationally connected varieties. However, it is more convenient to prove 
it without any assumptions on singularities. In any case, it does not make a big difference 
(see Corollary 14.51 below) . 

Sometimes it would be convenient to restrict ourselves to non-singular varieties when 
proving assertions like Theorem 14.21 It is possible by the following (nearly trivial) obser- 
vation. 

Lemma 4.4. Let C be some set of varieties, and let C C C. Suppose that for any X G C 
and for any finite group G C Aut(X) there is a variety X' G C with G C Aut(X') and a 
G-equivariant surjective morphism X' — Y X. Then C has almost fixed points if and only 
if C does. 

Proof. An image of a fixed point under an equivariant morphism is again a fixed point. □ 

Corollary 4.5. The set TZ(n) of rationally connected varieties of dimension n has almost 
fixed points if and only if the set 71' (n) of non-singular rationally connected varieties does. 

To prove Theorem 14.21 we will need its particular case concerning Fano varieties. 

Lemma 4.6. Let ^(n) be the set of all Fano varieties of dimension n with terminal 
singularities, and assume that Conjecture \1. 7| holds in dimension n. Then F{n) has 
almost fixed points. 

Proof. Using Notherian induction, one can show that there exists a positive integer m 
such that for any X G F(n) the divisor —mKx is very ample and gives an embedding 
X e — >■ f> dim -\- mK x\^ g we ma y aS s Ume that any X G J~(n) admits an embedding X <— >■ ¥ N 
for some N = N(n) (that does not depend on X) as a subvariety of degree at most 
d = d(n). Moreover, the action of G C Aut(X) is induced by an action of some linear 
group T C GLjy + i(C). By Theorem 11.11 there exists an abelian subgroup r C T of index 
at most / = I(N + 1). Let Go C G be the image of T under the natural projection from T 
to G. Take linear independent r -semi-invariant sections si, . . . , s^+i G H°(X, —mKx)- 
They define Go-invariant hyperplanes Hi, . . . , i^jv+i C P . Let k be the minimal positive 
integer such that 

xnHin...nH k = {p u ...,p r } 

is a finite (Go-invariant) set. Apparently, one has r ^ d. The stabilizer G\ C Go of P\ is 
a subgroup of index at most r ^ d, and the assertion of the lemma follows. □ 

Lemma H~6l allows us to derive a slightly wider particular case of Theorem 14.21 involving 
G-Mori fiber spaces from the assertion of Theorem 14.21 for lower dimensions. 

Lemma 4.7. Suppose that the sets 71(h) of rationally connected varieties of dimension k 



have almost fixed points for k ^ n — 1, and assume that Conjecture \1.7\ holds in dimen- 
sion n. Then there is a constant J = J(n) such that for any finite group G and for any 
rationally connected G-Mori fiber space : M — > S with dim(M) = n there is a finite 
subgroup of index at most J in G acting on M with a fixed point. 
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Proof. Let : M — > S be a rationally connected G-Mori fiber space of dimension n. We 
are going to show that there is a constant J that does not depend on M and G such that 
there exists a subgroup H C G of index at most J acting on M with a fixed point. By 
Lemma [4.61 we may suppose that 1 ^ dim(5) ^ n — 1. 
Consider an exact sequence of groups 

1 — y G(f, — y G — y Gs — y 1? 

where the action of G^ is fiberwise with respect to (ft and Gs is the image of G in Aut(5'). 
Note that S is rationally connected since so is M. By assumption there is a constant J\ 
that does not depend on 5* and G such that there exists a subgroup Fs C Gs of index at 
most J i acting on 5* with a fixed point. Let P 6 5* be one of the points fixed by Fs- 

Define a subgroup F C G to be the preimage of the subgroup F s C under the 
homomorphism 0. Then : M — y S is an F-contraction. By Corollary 13.71 applied 
to the group F and the contraction there exists an F-invariant rationally connected 
subvariety Z G M such that <f>(Z) = P. In particular, dim(Z) < n. By assumption there 
is a constant Ji that does not depend on Z and F such that there is a subgroup H C F 
of index at most J2 acting on Z (and thus on X) with a fixed point. The assertion follows 
since [G : F] = [G s : F s ] < Ji. □ 

Now we are ready to prove Theorem 14.21 

Proof of Theorem 14.21 Let X be a non-singular (or terminal) rationally connected variety 
of dimension n, and G C Aut(X) be a finite subgroup. By Corollary 14.51 it is enough to 
show that there is a constant J that does not depend on X and G such that there exists 
a subgroup H C G of index at most J acting on X with a fixed point. 

Run a G-Minimal Model Program on X, resulting in a G-Mori fiber space X' and a 
rational map / : X — - > X' that factors into a sequence of G-contractions and G-flips. By 
Lemma I4T7I there is a constant J\ that does not depend on X' (and thus on X) and G such 
that there exists a subgroup F C G of index at most J\ acting on X' with a fixed point. 
Using Lemma T3.9I applied to the group F, we obtain an F-invariant rationally connected 
subvariety Z C X. 

The rest of the argument is similar to that in the proof of Lemma 14.71 Using induction 
in n, we see that there is a constant J2 that does not depend on Z and F such that there 
is a subgroup H C F of index at most J2 having a fixed point on Z (and thus on X), and 
the assertion of the theorem follows. □ 

Remark 4.8. To prove Theorem 14. 21 one could actually use a weaker version of Lemma H~T1 
For this purpose it is sufficient to know that the G-Mori fiber space contains an F-invariant 
rationally connected subvariety Z' C X' for some subgroup F C G of bounded index, 
without assuming that Z' is a point. 

Now we are going to derive Theorem 11.81 from Theorem 14.21 We will need the following 
easy observation. 

Lemma 4.9 (cf. Lemma T5.4p . Let G be a group and H C G be a subgroup of finite index 
[G : H] = j. Suppose that H has some property V that is preserved under intersections 
and under conjugation in G. Then there exists a normal subgroup H' C G of finite index 
[G : H'] ^ ji such that H' also enjoys the property V . 

11 



Proof. Let Hi = H, . . . , H r C G be the subgroups that are conjugate to H. Then r ^ j, 
and H' = f]Hi is normal and has the property V. It remains to notice that [G : H'\ ^ j r . 

□ 

Proof of Theorem 1 1 . 81 Let X be a rationally connected variety of dimension n, and 
G C Bir(X) be a finite group. Let X be a regularization of G, i. e. X is a projective 
variety with an action of G and a G-equivariant birational map £ : X --- » X (see [351 
Theorem 3]). Taking a G-equivariant resolution of singularities (see [1]), one can assume 
that X is smooth. Note that X is rationally connected since so is X. By Theorem 14.21 
there is a constant J\ that does not depend on X and G (and thus on X) such that 
there exists a subgroup F C Gof index at most J\ and a point P 6 I fixed by A. The 
action of F on the Zariski tangent space Tp(X) = k n is faithful (cf. Remark 15. 91) . By 
Theorem 11.11 applied to GL n (k) there is a constant J 2 (again independent of anything 
except for n) such that F has an abelian subgroup A of index at most J \. The assertion 
follows by Lemma 14.91 □ 

Finally, we prove Theorem 11.101 

Proof of Theorem ! 1.1 01 Let G C Cr n (k) be a finite p-group. Arguing as in the proof of 
Theorem II. 8[ we obtain an abelian subgroup F C G of index [G : F] bounded by some 
constant L (that does not depend on X and G) with an embedding F C GL n (k). The 
latter implies that the abelian p-group F is generated by at most n elements. On the other 
hand, if p > L, then the index of any subgroup of G is at least p, so that the subgroup F 
coincides with G. □ 

5. Explicit bound for dimension 3 

In this section we prove Proposition 11.111 First we describe a general approach that 
allows one to estimate the Jordan constants for the groups of birational automorphisms 
of rationally connected n-folds by induction in n, provided one has enough information on 
terminal Fano n-folds. Then we use this approach up to n = 3 with small modifications 
that allow us to improve a little the resulting bounds (that look pretty absurd in any 
case). 

Let J(n) denote the maximum of the Jordan constants of the groups Bir(X) for ratio- 
nally connected n-folds X (cf. Theorem IX . Sj) . Let Jj?(n) be the maximum of the Jordan 
constants of the groups Aut(X), where X is a Fano n-fold with terminal singularities (this 
makes sense modulo Conjecture IX . 7j) . Let $(n) be the minimal positive integer m such 
that for any finite group G acting on a rationally connected n-fold X there is a subgroup 
F C G of index at most m such that F acts on X with a fixed point (i. e. there exists a 
G-orbit of length at most m on X). Similarly, let $jr(n) (resp., <&' M (ri)) be the minimal 
positive integer m such that for any finite group G acting on a Fano n-fold X with ter- 
minal singularities (resp., on a rationally connected n-fold X such that X has a structure 
of a non-trivial G-Mori fiber space) there is a subgroup F C G of index at most m such 
that F acts on X with a fixed point. Let $yn(n) be the minimal positive integer m such 
that for any finite group G acting on a smooth rationally connected n-fold X so that one 
of the results of the G- Minimal Model Program applied to X is a non-trivial G-Mori fiber 
space, there is a subgroup FcGof index at most m such that F acts on X with a fixed 
point. Note that the definition of $(n) (and hence also the definitions of $^-(n), <fr' M (n) 
and $_A,((n)) makes sense modulo Conjecture 11.71 by Theorem 14.21 Finally, let d(n) be 
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the minimal positive integer d such that any Fano n-fold X with terminal singularities is 
embedded into a projective space by some multiple of —K x as a subvariety of degree at 
most d (cf. the proof of Lemma [4.61) . Again, the definition of d(n) makes sense modulo 
Conjecture 11.71 In particular, all constants introduced above are well-defined for n ^ 3. 
As direct consequences of the proof of Theorem 11.81 given in Section HI we deduce that 



(5.1) $(n) < max ($ M (n), &r{n) • <f>(n - 1)), 

(5.2) &M(n) < ®(n - l) 2 , & M (n) < max ($(Jfe) • $(n - Jfe)) 

Furthermore, it follows from the proof of Lemma [4.61 that 

(5.3) &^(n) ^ J T (n) ■ d(n). 



To proceed we will need an auxiliary statement that is just a more precise version of 
Lemma 14.91 

Lemma 5.4. Let T be a group, H C V be its subgroup of finite index, and N C H be 
a normal subgroup of finite index in H. Suppose that N has some property V that is 
preserved under intersections and under conjugation in T. Then there exists a normal 
subgroup N' C T of index 

[T : N') < ([r : H) ■ [H : N]) [r]H] 

such that N' also enjoys the property V. 

In particular, if T is a group, and A C T is a subgroup of finite index such that A is 
Jordan, then T is also Jordan, and 

j(rK([r:A]-j(A)) [r:A1 . 

Proof. Similar to the proof of Lemma H~9l or [25| Lemma 2.11] (note that in the latter case 
a stronger estimate is obtained under slightly stronger conditions). □ 

Keeping in mind Lemma I5.4[ we deduce from the proof of Theorem 11.81 that 

(5.5) J(n) *C max (j T (n), ($ M {n) ■ j(GL n (k))) $AlW ) . 

The inequalities given by (15. 5p . (15.11) and (15. 3p allow one to recover the bounds for the 
constants J{n) and <E>(n) inductively, provided that one can control the constants Jp{n). 
We will use it with a small improvement that is possible due to a classification of threefold 
terminal singularities 3 Namely, if X is an algebraic variety, and P G X, denote by 
Autp(X) the stabilizer of P in Aut(X). We will prove below (see Lemma 15.101 and 
Remark l5.9p that if P 6 X is a terminal threefold singularity, then the group Autp(X) is 
Jordan, and J(Autp(X)) is bounded by some constant Jt er m(3) that does not depend on 
P G X (actually, we will prove that Jf erm (3) ^ 25920). Looking once again at the proof 
of Theorem 11.81 (and using Lemma 15.41) . we conclude that 

(5.6) J(3) ^ max (j^(3), ($' M (3) • J terw (3))^ (3) ) . 
The starting point to estimate the constant J(3) is the following. 

Lemma 5.7. One has 

$(1) = 12, $^(2) = 12 2 = 144, $(2) < 12 3 = 1728, $^(3) ^ 12 4 = 20736. 



2 Due to this we will not use the estimate for J(2) = j(Cr2(k)) mentioned in Remark 1 1.1 21 
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Proof. The equality $(1) = 12 easily follows from the classification of finite subgroups 
of SL 2 (k) (it is attained for the icosahedral group A 5 C Aut(P 1 )). 

To estimate $^-(2) we could use a general approach, combining (15. 3p with the bound 
for J(2) mentioned in Remark 11.121 which will lead to a weaker result than we want. Thus 
we prefer to take a slightly longer way and deal with different del Pezzo surfaces case by 
case to obtain a more accurate estimate; this will allow us to prove the desired equality 
$>(2) = 144. 

Suppose that X is a smooth del Pezzo surface, and let d = K\. Denote by $(X) 
the minimal positive integer m such that for any finite group G C Aut(X) there is a 
subgroup F C G with [G : F] ^ m acting on X with a fixed point. If X = P 2 , then 
Aut(X) = PGL 3 (k), and from the classification of finite subgroups of SL 3 (k) (see e. g. [TUl 
§8.5]) it is easy to obtain that $(X) ^ 72 (for this one may notice that any cyclic group 
acting on P 2 has a fixed point). 

If X P 1 x P 1 , then Aut(X) ^ (PGL 2 (k) x PGL 2 (k)) x n 2 , where /z 2 is the group of 
order 2. In this case one can see that $(X) = 144 by the classification of finite subgroups 
of SL 2 (k). Note that this value is attained for a group G = A 5 x A 5 C Aut(P x x P 1 ), or 
for a group G C Aut(P* x P 1 ) containing A 5 x A 5 as a subgroup of index 2. 

If X = Fi = P(C P i © Opi(l)), then X has a unique (-l)-curve, so that $(X) < 12. 

Suppose that A is a del Pezzo surface of degree d ^ 7. Then X contains a finite number 
of ( — l)-curves. Let c(X) be the number of (— l)-curves on X, and c'(X) be the maximal 
number of (— l)-curves on X meeting a given (— l)-curve on X. Note that two (— l)-curves 
on X intersect by at most one point if d ^ 3, and each (— l)-curve on X meets at least 
one other (— l)-curve. Thus one has $(A) ^ c(X) ■ c'(X). If d ^ 4, then the maximal 
values of c(A) and c'(X) are attained for a quartic del Pezzo surface X = A 4 C P 4 ; they 
are c(X) = 16 and c'(X) = 5, so that in all these cases we have $(X) ^ 80. If d — 3, 
then c(X) = 27, and each (— l)-curve on X defines a conic bundle with 5 split fibers, i.e. 
defines a distinguished 5-tuple of points on X. Hence one has $(A) ^ 27 - 5 = 135 in this 
case. If d = 2, the anticanonical linear system ip\_K x \ '■ X — > P 2 is a double cover, so that 
$(A) ^ 2-$(P 2 ) ^ 144. Finally, it is well-known that for d = 1 the linear system | —K x \ 
has a unique base point, so that in this case $(A) = 1. Combining these estimates, we 
obtain the equality $^(2) = 144. 

Finally, the last two inequalities stated in the lemma follow from (15.11) . □ 

Therefore, to get an estimate for J(3) we have to obtain a bound for Jf(3). To start 
with, let us recall the exact values of Jordan constants for the groups GL n (k) for small n. 

Theorem 5.8. The Jordan constant of the group GL n (k) equals 



Proof. It is enough to prove the statement for k = C. Thus it is implied by Theorem D 
and Proposition C of [5] for n ^ 4, and by Theorem B of [5] for n = 39. The last statement 




39. 




of the theorem is obvious. 



□ 



14 



Recall that for an algebraic variety U and a point P G U we denote by Ant p(U) the 
stabilizer of P in Aut (£/"). 

Remark 5.9. Let Tp(U) be the Zariski tangent space to the variety Z7 at the point P. 
Then one has 

j(Ant P {U)) < j(gl(T p (C/))). 

Indeed, if G C Autp(CZ) is a finite group (or, more generally, a reductive group), then G 
acts faithfully on Tp{U), so that G C GL(Tp({7)) (cf. the proof of Theorem |1.8p . Note 
that one does not necessarily have an inclusion Ant p{U) C GL (Tp(U)) (this is not the 
case already for U = A 2 ). 

Lemma 5.10. Let U be a threefold, and P G U be a terminal singularity. Then Antp(U) 
is Jordan with J(Aut P (C/)) ^ 25920. Moreover, if (U,P) is a cyclic quotient singularity, 
then J {Ant P {U)) < 360. 

Proof. Suppose that G C Ant p(U) is a finite subgroup. We are going to prove the 
corresponding bounds for the constant J(G). 

Let r ^ 1 be the index of U 3 P, i. e. r equals the minimal positive integer t such 
that tKjj is Cartier at P. Replacing U by a smaller G-invariant neighborhood of P if nec- 
essary, we may assume that rKjj ~ 0. Consider the index-one cover n : {U% P") — > (U,P) 
(see e.g. [23, §5.2 and Corollary 5.39]). Then IP 3 P" is a terminal singularity of index 1, 
and [/ = U^/(j, r , where /x r is a cyclic group of order r. Note that Z7" 9 P" is a hyper surf ace 
singularity, i.e. dimTptt({7") ^ 4 ([23l Corollary 5.38]). Moreover, U* is smooth at P" if 
(Z7, P) is a cyclic quotient singularity. 

By construction of the index one cover every element 7 G Aut p(JJ) admits r liftings to 
Aut([/' ) , P"). Moreover, we have a natural exact sequence 

1 — > n r — >G — ► Ant P (U) — > 1. 

where G is some subgroup of Aut ptt ([/"). Hence 

J(G) ^ J(G) < J (Autps (£/*)). 

By Remark 15.91 one always has 

j(Autp»(t/ fl )) ^ J(GL 4 (k)), 

and 

j(Aut pB (f/»)) < J(GL 3 (k)) 

if U* is smooth at PK Thus the assertions of the lemma follow by Theorem 15.81 □ 

Now we are ready to bound the constant Jp(3). 

Lemma 5.11. Let X be a Fano threefold with terminal Gorenstein singularities. Then 
the group Aut(X) is Jordan with j(Aut(X)) < 60 19 ■ 19!. 

Proof. Easy computations with Riemann-Roch show that dim H°(K, —Kx) = g + 2, 
where g > is an integer such that — K x = 2g — 2. In particular, dim | — Kx\ > 0. First, 
we assume that the linear system | — Kx \ has base points. Then Bs | —Kx\ is either a single 
point P, or a smooth rational curve G contained in the smooth locus of X (see [34]). In 
the first case we get J(Aut(X)) ^ 25920 by Lemma 15. 101 In the second case Aut(X) acts 
on G = P 1 . Hence a subgroup V C Aut(X) of index at most 12 has a fixed point P G C 
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(see Lemma E3). By Lemma EM one has J(T) < 360. Thus J(Aut(X)) ^ (12 • 360) 12 
by Lemma 15.41 

Now assume that the linear system | — Kx | is base point free but not very ample. Then 
a general element S G | — Kx\ is a smooth K3 surface. A standard argument shows that 
that the linear system | — mKx\ is very ample on X if and only if its restriction Ls{m) to S 
is very ample on S. By (311 Theorems 5.2 and 8.3] the linear system Ls(2) is very ample 
provided that g ^ 2, and by [311 Theorem 8.3] the linear system Lg(3) is ample for any g. 
Let if : X — > P r W denote the embedding defined by the linear system | — 2Kx | if g ^ 2 
(so that r(X) = 2g — l), and the embedding defined by the linear system | — 3K X \ if g — 2 
(so that r(X) = 20 in this case). The group Aut(X) acts faithfully on ip(X) and F r( - X ^ 
By [251 Theorem 1.5] and [251 Remark 3.11] we know that g ^ 7. Hence r(X) ^ 20, and 

J(Aut(X)) *C J(GL 21 (k)) ^ J(GL 39 (k)) < 60 19 • 19! 

by Theorem 15.81 

Finally, consider the case where | — Kx \ is very ample, so that there is an anticanonical 
embedding (p : X — > F 9+1 . The group Aut(X) acts faithfully on ip(X) and F 9+1 . According 
to [2Z] one has g ^ 37. Hence 

J(Aut(X)) ^ J(GL 39 (k)) ^ 60 19 ■ 19! 

by Theorem 15.81 and the assertion of the lemma follows. □ 

Lemma 5.12. Let G be a finite group, and X be a G-Fano threefold with at most termi- 
nal singularities. Suppose that X has a non-Gorenstein singular point. Then the group 
Aut(X) is Jordan with J(Aut(X)) < (14 ■ 25920) 14 . 

Proof. We use the methods of [2E1 §6]. Let Pi, ... , P/v G X be all non-Gorenstein points, 
and let r 1 , . . . , r M be the indices of the singularities in the baskets of Pi, ... , Pn (see [301 
6.4 and §10]). One has M ^ N, and M = N if and only if all Pi are cyclic quotient 
singularities (see [301 6.4]). By the orbifold Riemann-Roch theorem and Bogomolov- 
Miyaoka inequality we have XX r » — V r «) < 24 (see [15], [22]). This immediately implies 
that N ^ M < 15. Moreover, if N = 15, then N = M, so that all the points P,6l are 
cyclic quotient singularities. 

The group Aut(X) acts on the set {Pi, . . . ,P/v}. The subgroup Autpj(X) C Aut(X) 
stabilizing the point Pi has index [Aut(X) : Autp x (X)] ^ X. By Lemma [5.41 we have 

j(Aut(X)) ^ (X- j(Aut Pl (X))) JV . 

If X ^ 14, by Lemma [5.101 we obtain 

j(Aut(X)) ^ (14-25920) 14 . 

If X = 15, by Lemma [5.101 we obtain 

j(Aut(X)) ^ (15 ■ 360) 15 < (14 ■ 25920) 14 , 

and the assertion of the lemma follows. □ 

Since 60 19 • 19! < (14 ■ 25920) 14 , we conclude that Lemmas 15.111 and 15.121 imply the 
inequality 

Jp(3) ^ (14 • 25920) 14 . 
Now Proposition II. Ill follows by (15. 6 p and Lemma [5.71 
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Remark 5.13. In dimension 4 (and higher) we cannot hope (at least on our current level 
of understanding the problem) to obtain results similar to Proposition 11.111 Indeed, 
in dimension 3 we use the classification of terminal singularities to obtain bounds for 
Jordan constants for automorphism groups of terminal Fano varieties. The result of [2U 
Theorem 1] shows that a "nice" classification of higher dimensional terminal singularities 
is impossible, at least in the setting we used in Lemma |5.10[ due to unboundedness of the 
dimensions of Zariski tangent spaces of their index one covers. 

Remark 5.14. The bound for j(Cr 3 (k)) implied by Proposition II .111 is not sharp, and 
there are some obvious ways to improve it. First, it is possible that the bound for $(2) 
given by Lemma 15.71 can be improved. Indeed, suppose that X is a smooth rational 
surface acted on by a finite group G, and a : X — > X' is a G-equivariant contraction of 
(— l)-curves on X such that X' is either a conic bundle, or a del Pezzo surface. If X' is 
a conic bundle, then there is a morphism r : X — > P 1 such that any fiber of r is a tree 
of rational curves. Then one can choose a subgroup F C G of index at most $(1) = 12 
that acts on a fiber Y of r. Thus Y C X either contains an F-invariant point, or contains 
an F-invariant irreducible component. This gives a bound $(X) ^ 144. If X' is a del 
Pezzo surface, then one can choose a subgroup F C G of index at most $j-(2) = 144 
acting on X' with a fixed point. We could proceed with our usual argument based on 
Lemma [3.91 to obtain an estimate $(X) ^ $(1) • 3>pT') ^ 12 3 , but actually it is possible 
that this value is not attained. Namely, it is not attained if F does not have non-trivial 
homomorphisms to the group A5. Moreover, if F is abelian, then it is easy to show that 
$(X) = $(X'). On the other hand, the description of the structure of the group F can be 
obtained from the classification of the automorphism groups of del Pezzo surfaces, which 
gives an easy (although a bit boring) approach to get an exact value of $(2). 

Second, there is some room for improvement in the proof of Lemma f5. 101 The estimates 
given there are based on the inequality j(GL 4 (k)) ^ 25920. One can notice that this 
value is attained only for one particular family of subgroups of GL 4 (k), all of them having 
the image in PGL 4 (k) isomorphic to PSp 4 (F 3 ). It is well-known that this group does not 
have invariant hypersurfaces in P 3 of degree at most 2, which must be the case for a group 
that fixes a hypersurface terminal singular point on a threefold. 

Finally, in the notation and assumptions of Lemma I5.4[ one can show that 

(P : H] ■ [H : *])! 



([G : H] ■ ([H : N] - 1))! 

We did not take any of these steps, since they require additional effort, and do not improve 
much in any case. 

Remark 5.15. Although we cannot improve the bound for j(Cr 3 (k)) implied by Propo- 
sition [TTTT] significantly (cf. Remarks 11.121 and 15 . 14[) . we are also not aware of good lower 
bounds for this constant. A reasonable one might be 

J( Cr 3 (k)) ^ 6 • 60 3 = 1296000, 

given by the automorphism group 



Aut(P 1 x P 1 x P 1 ) d (A 5 x A 5 x A 5 ) x S 3 . 
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